MCQs of Plasma Physics
by Prof. V.K. Tripathi , IIT Delhi, New Delhi.

Lecture 1

Problem 1: Consider a singly ionized sphere of electron density n,, radius R and electron
temperature T. Due to thermal motions electrons of the layer of width A near the surface move out
(leaving ions behind) such that the potential energy of an electron at the surface equals in
magnitude the average thermal energy 3T/2 (where Botzmann’s Constant in hidden in T). Estimato
A.

Solution: The number of electrons in the surface layer of width A and surface area 47R? is
N=47R’n,A.

Once they move out the sphere, upto radius R, has net positive charge

Q = Ne, where —¢ is the electron charge. The Potential at r =R is

R) = .
¢ [®) 4mEQR

The magnitude of potential energy of an electron at the surface is

_ (4mR?AnyAe?) _;

© 41ELR 2
3 el _ .,

== =315 /R,
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where Ap is the Debye length. For a sphere of Radius R>A,, when the electrons move out a

distance shorter than Debye length, the space change field stops the electrons to move further. This



space charge field pulls the ions radially outward causing ambipolar expansion of the sphere

where electrons and ions move almost together.
Lecture 2

Problem 1: Consider a plasma with a relativistic electron beam of rest mass m, charge —e, drift

velocity v and momentum p . Deduce the fluid equation of motion for beam electrons in the

presence of electric field E and magnetic fieldB. Neglect collisions and thermal motions.

Solution: The equation of motion is

d_; _ - N -
i -e (E + va)
% p(r+Ar,t+At)—p (r,t)
E—LtAt—m "
:6_P+ QVB

Further P~ = my® where y = (1+p?/m?c?)Y2 = (1-v?/c®)™ Hence the equation of motion is

0 - — — 4 =
m[%f)+v.V(yv)]:-eE —eVEXB.

Problem 2: A singly ionized helium plasma at temperature T, has electron collision. frequency
v=10" sec . When temperature is raised to 9 T, it becomes fully ionized, Estimate the collision

frequency ignoring the change in the logarithmic factor.

Solution : v =~ i 22T

where ¢y is constant and z; is the ion charge number. For z; =1, T, =T,,
v=en; To¥2 =104 s?

When plasma is fully ionized z; = 2, T¢=9 Ty,
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Problem 3: Estimate the mean free path of electrons in a weakly ionized plasma of electron —atom
collision cross — section g= 10" cm?, temperature T, = 1eV and plasma pressure 10° Torr. Take

neutral particle temperature T,=0.1 eV, 1 Torr =0.13 N/m?.
Solution :
Pressure of neural atoms of density n, is

P=n, T,=0.13,

_ 0.13
"~ 0.1 x1.6 x10~19

Nn =8x10¥ m?®

Mean free path A,,=1/n,g =1.2 m.



Lecture 3

Problem 1: A dc electric field field EX is applied at t=0 to a plasma of electron density n, and

collision frequency v. How would the current density evolve with time?
Solution:

The equation of motion for electrons is

ov . _ eE
—+v Vv =-
at m
Multiplying by -n.e and writing T =- noe v, we obtain

- 2
a] - _ nO e —
—+ =

TV | — E

Multiply both sides by exp (vt) , rewrite this equation as

o (- _nge? —
a(] evt)_oT E eVt

and integrate,

-  mnee? t —
j=——e" [__Eevdt
m

_Nnoe’ — vt
=— E (1— e'h).

nye?E

on the time scale of v! the collision

T is zero at t=0 and rises to the steady state value

time.



Problem 2 : How does the dc conductivity of a strongly ionized plasma increase with electron density
when electron temperature is kept constant? Ignore the variation in logarithmic factor in collision

frequency.

Solution:

As v is proportional to n,, (the electron density), ¢ remains constant as n, increases.

Problem 3: A fully ionized plasma sphere of initial radius Ry, electron density n, and temperature

To undergoes ambipolar expansion. How would the electrical conductivity change with radius R?

Solution: In adiabatic expansion temperature and volume (for monatomic gas of specific heats

ratio y=5/3) go as
T v = const.
T~y D~ R D=R?
o~TP~R3

The conductivity increases as R™.



Lecture 4

Problem 1: Estimate radio frequency w at which the displacement current and conduction current

in a collisionless plasma are equal in magnitude

Solution:

Conduction current density j=o0 E = —2

Displacement current density TS :aa—t = -iwg, E
|7]=]To | gives

nee?\/2
(,0:( 0 )t/ = wp
meg

At o=, the displacement current due to an electromagnetic wave is equal and opposite to the

conduction current.

Problem 2: A collisionless plasma is subjected to amplitude modulated radio field

E=4A, 1+ cos(f2t) ,-iwe; where Q << @. Obtain the current density J(b).

Solution :
o=iMe A=A (1 + pcost)

- me ’ — Ao M

—— .ne*— ne* A ;

=12 + 0 g8 Jiwt
](t) Ima) E mw? ot €
:[i e’ (1 + pcos t) — ne U sin([)t)] A, elot
mw maw? oo



Lecture 5

Problem 1: Estimate the cyclotron frequency and Larmor radius of a 2 MeV electron in a

magnetic fieldfs) =2 0.5 Tesla when the pitch angle 8 = tan™1(v; /v,)=1

Solution :In a static magnetic field, electron kinetic energy € is a constant of motion, only mass

becomes rest mass m times the relativistic y factor,

S =142 Mev =5

Y= 1+ mc?2 0.5 Mev

Electron speed v is

Cyclotron frequency w, and Larmor radius p are

B
We = —2=1.76 x 10°° rad/s
Y
_ Vi
p= o 1.2cm.

Problem 2 : An electron is born, via ionization of an atom, at the origin at t=0 with velocity

V= vcos @ z+vsin @ £, Obtain its guiding center coordinates Xg, Vg
. — \A
Solution : X = xg +—=sin (wet + 98)
C

L
y:yg-vwlcos(wct+6)

C

V, = V,C0S (w.t + 6)

Vy =V sin (wct + 8)



Using in these equations, at t=0, x=0, y=0, v,, = Vsin#, v,, = 0, one obtains

. v
v, = Vsing ,5=0, x,=0, y,= w—l :
c

Problem 3 : A collisionless singly ionized helium plasma with static magnetic field B; Z is

subjected to an RF field E=z%A exp (-iot) of ® = 2 w, , Where w; is the ion cyclotron

frequency. Estimate the ratio of Hall current density J,, to Pederson current density .
Solution :
Jx = Oxx Ey a]y = —Oxy E,

At 0=2w.; << W, , 0y, aNd 0y,  in a plasma of electron density no, electron mass m and ion
mass m; , would be the sum of electron terms and ion terms. The latter can be obtained from

electron conductivity components by replacing m by m;, w. by -w.;’

oo = .noezw+. nyelw
xx — 7 2 2 2
mwg mi(w?—wg;)
. 2nye?
3Mwci
nee? nee?wg;
O' - -
X (2 — (2
y mw, mij(w?—wg;)
i nye? ) npe? _ i 4an,e?
MmiWe;  3MiW¢ 3mjw,

]y/]x = 'nylaxx =-2i.



Lecture 6

Problem 1: A plasma with electron collision frequency v and dc magnetic field B;Z is subjected to

RF field E = AR+ i+ 2)e @t with o = 1.1 w, , where w, is the electron cyclotron

frequency. Obtain the electron heating rate. Take v2 << w?, (w-w,)>
Solution :

Solving the equation of motion, electron drift velocity turns out to be

- eA (X+ iy) —i
V,= . e lwt
mi (W—Wc+tip)

exA —iwt

V e —
Z mi(w+iv)

The heating rate for electrons is

He=—Re [E”.9]

_1 [eZAZaZv 2e2A%p ]
2

me? m(o—0¢)?

= ezA:” (£ + 200).

mo? 2.42

Problem 2: A singly ionized helium plasma with static magnetic B;Z , electron collision

frequency v and ion collision frequency v; , is subjected to RF field E=% A exp (-iwt) at
o=1.1w,;, Where w,; is the ion cyclotron frequency, (w — w,;,) 2 >> vi and w, >> v. obtain the

heating rates of electrons and ions..

Solution : The heating rates of electrons and ions are

2,42
He = _g Re [E;Vx] - : vAz

2mwg

Hi =§ Re [E;Vix]



e2A? vi—iw
= R > ——
2m; wg;—(w+ivy)

_e?2A%y(wi+w?) _ _ e?APy;

2 2 2
2m: (w2, —w?
i ( ci ) m; w;

The ion heating rate is much larger than the electron heating rate due to ion cyclotron resonance

effect.

Problem 3 : In problem 2 if the field were LCP (left circularly polarized), E (& — iy)A exp(-iot),

estimate the electron and ion heating rates.

Solution : For LCP field, the drift velocities of electrons and ions are:

o eE

V—"" ;
mi (w+w +iv)

eE

ﬁ : . .
vi mji(w—wci+ivi)

The electron and ion heating rates are:
_ e o o
H=-<Re [E".V]]

e2vA?

2
mwg

—
* —

HiZERe[E.Vi]:—' )

10



Lecture 8

Problem 1 : A collisionless plasma has a non - relativistic electron beam of density no propagating

with velocity v,2. A low amplitude electromagnetic wave propagates through it with electric field

—

E= %A ei(@t=k2) Obtain the perturbed beam velocity.

Solution :

The equation of motion is

— P

m(‘Z—‘Z +V.V\7’) =-eE-ev x B.
§,the magnetic field of the wave, can be written as

Bz KXE 5 Ak —i(wt—kz)

Expressing V =v, 2 + Vv, with v; <<v, , the linearized equation of motion is

ovy vy eE _eE evy IR =]
—+v,—=-—=—-—X (kXE
ot © 0z m m m ( )
. eE kv,
-i — kv, = — (1 -—=
((1) Vo) 1 m ( w

. eE
e

miw’

If the equilibrium beam velocity v, were relativistic to them would be replaced by

my=m (1— v,2/c?)~/2

Problem 2: A plasma cluster of radius 7, and free electron density n, is subjected to laser field

——

E| = % A exp [—i(wt — k,z)] where 1.k, << 1. Obtain the drift velocity of cluster electrons.

11



Solution :

As the electron cloud of the cluster moves a distance A under the electric force -e ET with respect
2 Eed

to ion sphere , the electrons experience space charge restoration force = - % Awhere w, =

(n,e?/me,)/?: Thus the equation of motion for cluster electrons is

dzA
—+

2 _edL —i(wt—k,z
H(wp /3)a=Lh L emilots)

For v, <<, A << 2J1/k one may approximate dA/dt = dA/dt = - i®A. Thus

ek
m(w?-w3/3)

>\

di _ ieEw

VZ0ar m(w?w}/3)

Problem 3: Estimate the skin depth of 10 GHz microwave in a conductor of relative lattice

permittivity €, = 4, plasma frequency w,, = 10*® rad/s and collision frequency v=10"? s~1.
Solution :
1/2

@ Ay
ek, + k=2 (£ = w(w—%)

~e2(2)"

_ 1/2
Skin depth 8=k; '= < (Z_V)
Wp

w
~ 0.17 um

Note that the skin depth decreases with the frequency of the wave as ™2,

12



Problem 4 : Estimate the intensity of 1 um laser that would raise the electron temperature from
T, = 1 KeV to T,=2 KeV in a plasma. Take energy loss per collision = 3 (m/m;) (Te-Ty),

m;i/m=3600 , w,/w=0.1, collision frequency much less than the laser frequency (v<<w).
Solution :

Laser field E= £ A, e ~i(@t—k2)
eE

Electron velocity v = mitiy)

Heating rate He = —g Re [E‘)G]

_e?|EP?v

2mw?

Equating He to energy loss rate,

e?|E|?v mv
=3— (T, —T,),
2mw? m; ( e 0)
e?|El*m;
2
Laser intensity S,,= % (1— wi/w?)/?
(]
~ |E|? | 2u,c.

Requisite intensity to raise T, from 1 KeV to 2 KeV is

em?w?(1- w%/wz)z

Sy = T, = 5.5 x 10 W/m?

2mie2u,c

13



Problem 5 : A laser , normally incident on a plasma , suffers 100 % power reflection with a phase

change of «r /2 . Estimate the plasma frequency in terms of laser frequency w;,

Solution :

100% power reflection occurs only when w,, > w,, and collision frequency v =0. Writing n=ia , «

2

1/2

2

= <wj - 1) , one may write the amplitude reflection coefficient
L

1- 1
RA - _77 =e
1+n

—2itan" "«

2tan"ta =m/2 , 0=1

wy, =2 w;,.

Problem 6: An electromagnetic wave of frequency o and intensity 1W/m? is normally incident on

a collisionless plasma of plasma frequency w, =2o. Estimate the amplitude of the wave at a depth

of ¢/ in the plasma.

Solution :
1/2
w? .
kzg( — —’2’) = ivV3 w/c.
Cc w
Amplitude transmission coefficient
2 2

A:1+kc/w = 1+iv/3
ITul =1,

Amplitude of the incident wave A, is related to intensity S, as

_ A
Sav - y
2 UpC

Ay=2p,C Sgp'? =272 VIm .

14



Transmitted wave amplitude
Ar=|TylAg e™V3 7/

=272e" V3 ~55V/m.

Problem 7: A microwave pulse of carrier frequency 20GHZ takes 5ns to travel a distance of 1
meter in a weakly collisional plasma and suffers 3db power loss. Estimate the electron density and

collision frequency of the plasma.

Solution: In a weakly collisional plasma

w2 =oo§+k2 c2,

9 2 5ns

2 \H2
] ow Yo 1m 8
group Velocity V, =E=c 1-—5 | =—=2x10"m/s
w

wp=50\/r;=fw.

Electrondensity Ne ;3.5x% 1018

m3.

Power flow density (Say) scales with distance of propogation z as

2/,.2
_2kiz K & wp/w
i c 2 2 12
1-wp/w
. So
powerlossmdb—10|og108 —20kiz/2.3

av

Sw=Soe

259 v _3x23
'"2/32c 20

y=5x107 g1

15



Lecture-9
Problem 1: An electromagnetic wave of frequency &/2n = 5 MHZ is incident on the ionosphere
at angle of incidence 0; = 60°.Plasma frequency varies with height h as ®p= ®po eXP(h/Ln) with

dpo=2X 10° rad/s,Ln=10 km and h measures from the bottom of the ionosphere. Estimate the

height of reflection.

Solution

The wave suffers reflection from the height hy where
®p = & cosbi = dpo eXp(hr/Ln)

ht = Ly In (&/20po) = 20 km

Problem 2: An electromagnetic pulse of carrier frequency & impinges normally on a plasma at

z=0 .The plasma frequency varies with z as w? =w2, z/L,. Obtain the group delay time 2[v,dz,
the time pulse takes to return back to z=0. Here v, = ¢(1 — w3 /w?)'/2.

Solution:

The pulse would return from z=zr where w,=w,

16



A

Problem-3 A laser of frequency w propagates along Z in a plasma (z>0)with wp:wz z/Ln,

V=V, Li At z=0 ,E = A0 e~ Obtain the laser amplitude in the WKkB approximation at

z/Ln=0.95 when vo/w=10" wL, /c = 10°

Solution

Laser amplitude goes as

— A -[kadz
IRCTORE

1/2

0.95 ¢2
i Z=V°Ln 6 & d1§/2;
2c 1-€

0.3v,Ln/c=0.3

A

__ "o .03
Alz=gs, ™ 1a® o

17



Lecture 10

Problem 1: A plasma wave causes 10% density perturbation. What would be the ratio of electron
drift velocity to phase velocity of the wave?

Solution: Electron density perturbation n; is related to drift velocity v; through the equation of

continuity.
ony —
—+V.(n,v{) =0
at ( 0 1)
3 k. v n,
n, = >
Since = v, ||k, mv—/lkz 2—;=0.1

The ratio of electron drift velocity to phase of the wave is 0.1
Problem:2 obtain the amplitude of a Langmuir wave electric field of frequency w = 1.1w,
in a plasma at which the electron drift velocity equals one tenth of electron thermal speed.
Let E = 2A e~ (0t-ka)
w? = wi+ kv =121w5.

From the equations of motion and continuity velocity and density perturbations are

—

. eE .
vy = ——— vg, ikn;/ng
n; = nokvy/w

ieE w

- m(w? — k2v3)

—
Vi =

Vih

lvq| = 10

gives

Vth
10 ew

|E| = w?m = mvy, w,/11e.
p p

18



Problem 3: obtain the dispersion relation for ion acoustic wave in a 50:50 D-T plasma with cold

ions and electrons at temperature Te.
Solution: Let @ = Ae~i(wt=k2)

Electron density perturbation (adiabatic response).

__ep
n; = N E}

where ny is the equilibrium electron density Deuterium- and tritium ion density perturbations are

_ngy e@k?
nlD_? meZ !
_ng epk?
Nyr=="

2 3mpw?2/2"’

where my, is the deuterium mass. Using these in the Poisson’s equation.

VZQ:EE (n; —np —ny7) ,
0

2 2
142 - g
kv, o ’

where w,; = (5n,e?/6mp €,)"2,w, = (n,e?/me,)*/?

2

3 k?c? 3 ( 5T, )1/2
1+ k2c2/wy; 16 = 6mp

19



Lecture 11

Problem 1: Estimate the intensity of ion acoustic wave of frequency w = w,;/3 and amplitude

(of the electric field) 1V/m in a hydrogen plasma with T,=10 eV.

Solution:

_1 0
Sav-2 W= |E*|vgq

2 2
e=1+4+—p _ b
k2cz  w?

2

Je Ewpi

o ® w?

_ 0w wd _ 2, 21\3/2
Vg = P k3C§_CS(1_(‘) /(Dpi)

(J.)Zi 3/2
Sav=—5 |E|? ¢ (1 - w?/wf)

= 2.7 *10° W/m?

20



Lecture 12
Problem 1: Estimate the energy of an electron beam that excites a co-moving Langmuir wave

of frequency w = 1.05 w,, in a plasma of electron temperature 1 KeV.

Solution: Langmuir wave dispersion relation is

w? = wi + k?vj,
For the unstable wave
k:‘1)/VOb
Thus
w?-wd i
w2 Vi,

Te
1-wj/w?

= 11KeV.

1
Beam energy €,= Emvgb =

Problem2: An « particle beam of density n,, and velocity v,,Z propagates through a plasma of
electron density n, > n,, and electron temperature T. lons are cold and singly ionized .Obtain
the dispersion relation for the ion acoustic wave propagating at an angle 6 to the beam. Deduce

the growth rate.
Solution:
Let @ = Ae—i(mt—kxx—kzz).

Writing o particle velocity and density as Ve = Voo + Vi , Ne = Ngo + Nyoc @nd solving the

linearnized equations of motion and continuity. we obtain

v = 2ek@
Toc ™ Mo (w—Kz Voo’
2ek?n .
Ny =

my (W — Kyvoe)?

21



where 2e, m,, are «- particle charge and mass.For ions of mass m; the density perturbation is
similarly

_ngek?e@
Ny =——

mey w2
Electron response is adiabatic with density perturbation.

n; = ny,e@/Te

Using these in the Poisson’s equation V2@ = ei (n; — ny — 2n4,) We obtain
o

2 2
1+—pi _ Ppi _ Ok
k%2c2 w2 (w=Kk; V)2

(w? — w?)(w — K;Vou)?= R= w?w?, (1 + wga/kzcg)

k?C?s

2 _ _ 2 1/2
where w'? = m,wm = (n,e?/m;e,)/
1+—2

2

1/2
Opa = (4nge /M €) s = (Te/m)*/?
Most unstable mode occurs when k,V,, = '
2 2 2 1/2
Voo €COSO = ¢4/ (1 +k Cs/oopi)

Writingw = o' +8 = k,V,, + & we obtain

R\
§3 = (—) 2T | = 012

2w’
1/3
Growthrater = 1,6 = ‘/2—5(2%,) :
The unstable ion acoustic wave has frequency w'=w; - (1 — v3, cos? 6 /ch%)l/2 which

Increases with increasing 6.

22



Problem:3 A non-relativistic electron beam of density n,;,, and velocity V,, Z propagates through
a plasma of electron density n, having static magnetic field BiZ.Perturb the equilibrium by an
electrostatic wave @ = A exp[—i(wt — kxx — k,z)].Deduce the dispersion relation ignoring

collisions ,thermal effects and ion motion.
Solution: Writing beam velocity v, = v,,.Z + v, and linearizing the equation of motion,

We obtain

- — _— —_— eiE
—i (0 — KzVop)Vip + Vip X ©O¢ = o ¢
_ ekx(a((*) - kZVOb)

m[((*) - kZVob)2 - wg]

Vibx =

ek, ?

Vipg = ———————
1bz m((*) - kZVOb)

Using beam density n;, = ny}, + nyy, in the linearized equation of continuity. we get

L o 2 2
N = 1 k'Vlb _ NopeP ky + k7
1b — Hob - =
w — Kk, Vop m (w— szob)Z - (A)g (‘D - szob)2

The plasma electron density perturbation n;, can be recovered from n,}, by puttingV,, = 0O,ng, = n, ,

n1=_

m |p?2-w?: ?

n,e® [ k2 N k%l
Poisson’s equation: V2@ = Ei (n; + nyp) gives the dispersion relation,
(o]

2
wikZ/k? 0l kZ 0l kE/K? wpp ki/K?

w2 k2 (w-kzvop)? (w—Kky Vob)2— w2

The beam can drive the wave unstable when
(i) w — k, vo, = 0 (Cerenkov resonance),

(i) (w — k, vop)% — w2 = 0 (cyclotron resonance).

23



Lecturer 16

Problem 1: A relativistic electron beam of density n,, ,charge —e, rest mass m and velocity

V,Z propagates through a wiggler B, = B, (X — i§) e'*w?Z in the presence of a guide magnetic

field B4Z .Obtain the perturbed electron velocity.
Solution: Electron energy ymc?2is constant in a dc magnetic field.Writing beam velocity

V = v,Z+ Vv, the linearized equation of motion takes the from
aﬁ a N — 5 — a
my (—+ vy 3 Vw | = —evy * By, —ev,, xBZ,
Defining w. = eBs/m and taking v; = a exp (ik,z) i.e ,%:0 and % = ik,, we obtain

—_—

. I O 1 ievy By,
iKy VoVyw + Vyy X Z— = —
my
— evy. By
w =

- mY(kaO - “)c/Y) .

It shows cyclotron resonance enhancement when k., vy = w./y.

Problem:2 In a plasma wave wiggler free electron laser one passes a relativistic electron beam of

velocity Vy,Z through a plasma that has a plasma wave of frequency w, and wave number

Ko = ko, & — ko)Z.As the beam emits radiation of frequency w and wave number kZ it excites a

space charge mode of frequency w + wg,and wave vector K+ k_(; that is in Cerenkov resonance

with the beam . Deduce the frequency of radiation.
Solution :

Cerenkov resonance occurs when

W—wy = (l_é - k—0>)-V—0b> = (k+ko11)vVop

24



Further, w? = oof, + k2c? in a plasma of plasma frequency w,, when beam density is low.Using

1/2 . . .
k= (w? — w3} ) 2 /¢ in the above equation one obtains.

w2

1/2
2
w = Y(Z, Ko11Vob + @o + (Vob/c) {(kOHVob +wo) — y_g} l
(0]

1/2
where y, = (1 — ng /c2) / .The kinetics of the process demands that the plasma wave posses

a component of electric field parallel to the electric field of radiation mode , hence it must move at

an angle to Vop, .In case ko; = 0, yo > 1,0 = 2y2 w,.

Problem 3: If one introduces plasma of plasma frequency wy, in a free laser of wriggler wave

number kyZ ( to aid the propagation of the electron beam of velocity V,,Z ). What would be the

operating frequency of FEL?
Solution:
o = (k+ky)vep
w? = oof, + k2c?
These equations give the operating frequency

1/2

2
w
p
w = YZ KwVob + Vob/C (k\z/vvcz)b - Y2>
0

The frequency of FEL decreases marginally with w, .
Problem 4: A slow TM mode of dielectric lined wave guide of frequency w, and wave number

ko, acts as a wiggler when an electron beam of velocity v,,Z propagates through it. Obtain the

frequency w of the generated radiation.Take the wave vector of radiation k, = (w/c).

25



Solution:
Phase synchronism condition
W= Wy = (k- koz)Vob

wo—KozVob 2

1-Vop/c Y (wo — KozVop) foryg > 1.

gives w =

For a counter propagating TM mode k, is negative hence w is much larger. One may employ

a counter propagating laser of wavelength A as wriggler then the generated radiation

L

wavelength A=A /472 may lie in the X-ray region. This is a viable scheme for coherent X-ray laser.

Problem 5: A plasma of plasma frequency w,, is placed in a strong magnetic field Bsz(with
electron cyclotron frequency w. > wy,). An electron beam of density ng;, and velocity v,,Z

propagates through it along the magnetic field. Obtain the frequency of radiation it would excite.
Solution:

The finite components of permittivity tensor of the plasma (at frequency w) with magnetic field

2 2
A _ _ _ 00%) (pr/Yo
along Z and (Dp/(J.)C,(D/(J.)C <« 1 would be EXX_Eyy_ 1,€,,=1— o m

-1/2
where y, = (1 —vZ,/c?) " wpp = (nope?/m €,)"/2
For an electromagnetic wave E = Ae~i(@t-ka—Rz2) Maxwell’s equations V X E = iwp,H and

VxH=iw €,E. E , on taking curl of the former and using the latter along with replacing V by i

Kk, lead to

R ERRATS R
D-E=[k21—kk—c—2§l.E=0

giving the dispersion relation |Q| =0,or

26



O R YA W NG e
* ‘ c? (0 — szob)zyg

The instability occurs at a frequency at which the factor on the left hand side is zero with ®

= k,v,p, - This gives
1/2
W= (oof) —kZvZ, y2) "

In fact the dispersion relation, when beam is not there, gives two roots one with phase velocity
greater than c and the other less than c. The letter mode is excited by the beam.
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Lecturer 18

Problem 1: Two counter streaming relativistic electron beams of density n,,, each and drifts v,,Z ,

—V,opZ propagate in a cold collisionless plasma of density n,. Perturb the equilibrium by an

electromagnetic perturbation E = 2A. exp[—i(wt — kx)] . Obtain the growth rate.
Solution:
Let the velocity of the first beam be
ﬁ = VopZ + m

_ 2 2 _1/2 - - - -

The gamma factor y = (1 — v¢/c?) " on linearization can be written as
Y=Yot Y(3)V1bz Vob/cz’
va) = YOVOb2 + \'ovlbx)/E + ngﬂ)z/i

The lineralized equation of motion, on writing wave magnetic field B=k x E/w, gives

d 0 R 3 R
(a + Vop a) (YOVIbXX + YOVIbZZ)

:—imﬁ—ii—"(fix(ﬁxﬁ)

eE, ekv,p
\%4 =3 = 5
1bz mi yg 1bx mi w2 Yo Z
The density perturbation is
n ngpe k?v
ob ob ob

Ny = » kv1bx = 4

miw3y,
For the second beam velocity and density perturbations are

Vobz = Vibz Vabx = ~Vibx N2p = —Nyp

For plasma electrons perturbed density is zero and perturbed velocity is

28



The current density at w, K is

T — — A A -
] = —engp Vip — NopeVap — Nip€VopZ + NppeVopZ — Npev

2

_ a2ngpe? 1 2 kK2V3y nee? . .

=T 13 t Yo z : zZ .
miwy3 ® miw

Using this in the wave equation

we obtain
2 1,22
2 "‘)pb k Vob/Yo
= > )
kZc2 + ool% + oopb/y0
where @2, = ZRee® (2 _ ) o2
pb = Tme. @b = No® /me,,.
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Lecture 19

Problem 1: A collisionless cold plasma in equilibrium has a dc magnetic field B;Z a dc electric
field E,X, gravity -gX and a density gradient Vn, = X n,1/Ln. It is perturbed by an electrostatic
perturbation @ = A exp[—i(wt — kyy)| with w < w, w,;, the ion cyclotron and ion plasma

frequencies. Obtain the growth rate (of the modified Rayleigh Taylor instability).

Solution:

The dc drift of electrons and ions are

Vo1 = (Vo + Vog)i’ Vog = »

ovy, ieko
atl + (vo + vg) — V5, X 2wy = -
c')n1
s + V.(nyvy, + nl(v0 +Vog)y) =0,
ek®
Vi = — k k ,
11y m: wgl ((D Vo — Vog)
noek’o nee k @
Ny — — -

2 L]
miwg  Lpymijwci(w— kvy —kvgg)

Similarly the electron density perturbation is

ngek®
Lymiwci(w—kvy)

IR

ny

Quarneutrnlity, n; = ny; gives the dispersion relation,
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kL, 1 1

w; w—kvy w—kvy— kv,

w =kvy+ iyyg/Ly.

The elective field introduces a real part in the frequency. In a frame moving with veIocityT/O, itis

a purely growing instability.
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Lecture 20

Problem 1: A magnetron has coaxial inner and outer cylinders of radii a and b and a static

magnetic field BS _along the axis Z. The inner cylinder is given a negative potential Vo while the

outer one is grounded. Obtain the maximum value of Bg. So that the electrons released at the

cathode, with velocity 0, do not reach the anode.
Solution:

The radial and azimuthal equations of motion for an electron are:

ek,

F—r@2=— —r(ﬁwc,

1d .
2 .
——|T = T W,
rdt (r*0) ¢
The last equation (with initial condition att = 0, @ = 0) gives

0= 51— a?/r).

When the electron just turns around at r = b, at this point 7 = 0, ¥ = b@@ . The kinetic energy

gained by the electron on reaching the anode is

2eV,

1 .
EmvézeVo orvg=bo = ( -

This gives the requisite o, from the earlier equation

eB; 2 (Zev0

Ye = T T (1—a?/bD)b

m
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Problem 2: A cylindrical ion channel of radius a has singly ionized ions of density ny. A non-
relatistic electron is released at (r,, 0, 0) with v, Z velocity. It executes bounce motion. Obtain its

bounce frequency.

Solution : The electric field in the ion channel, on using Gauss's law, is

nper

E, = 2ey”
Under this field, and with initial velocity along Z, the electron motion is confirmed in the x-z
plane. The x-component of equation of motion is

dv, ny e>

AT T 26

Multiplying both sides by v« and integrating over time, using the initial conditionst=0, vy =0, x =

ro, We obtain

npe?
4eq

j" dx wpt (TlOez)l/Z
= I (l)p = )
W (e — XD 3 meg

myy = (g — x%)

N =

X =1, Sin (opt/ N2+ 7/2).
The bounce frequency is o, = wp / V2. The z component of velocity remains constant.

Problem 3 : Show that for an electron of change —e, mass m and velocity v, moving in a magnetic
field ES =B, r @ (where B;, is a constant and r, ¢ refer to cylindrical polar coordinate system),

mv, + e B, r*/2 is a constant of motion.

Solution:
dv, - N d (eB,r*
m = —e(v*B) = —eB r=—-— -
dt (V )Z oV dt ( 2 )

Thus mv, + eB,r?/2 = constant of motion
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Lecture 21

Problem 1: A long wire aligned along Z carries current I = 10 KA. An electron is released at
distance r = 0.1 m, from the wire with velocity v, = (107 m/s)Z. Obtain the VB and curvature

drifts of the electron.

Solution: The magnetic field of a long wire, on using Ampere’s law is

,\yl
(23

Electron gyrates about the field line with transverse speed V. = vq. The radius of curvature of the

magnetic fieldisrand VB= VB = o > T Thus
27nr
Vg = + —— VB xB
VB 2w,.B?
‘% A 5 m A
= — z = —-16 x10°> — Z
2w,T S
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Lecture 22

Problem 1: Estimate the loss cone angle of a mirror machine having magnetic coils of radius R

separated by distance L = 6R.

Solution: Treating origin on the axis and midway between the coils, the magnetic field on the axis

at axial position z, due to the coils each having N turns carrying current I, is

(e 6r)) s (me6-9)) |

Atz =0, B = Bpin = (uo | N) / (R 10*?).

Ul RZN 32

z 2

Atz =L/2,B=Bpx=MoIN (1 +37%) /2R,
Loss cone angle = 6. = sin™* (1/15)*2.

Problem 2: A mirror machine has field coils, each of radius R, turns N and current I, placed at
z = + L/2, where L = 4R. An electron near the mirror midpoint has velocity V= v, cos 8, 2 +

v, sin 8, @ with 6, close to n/2. Estimate the bounce frequency and amplitude of oscillation.

Solution: The magnetic field on the mirror axis is

(RZ + (z—g)2> + (Rz + (z+%)2)_3/2]

M IN . 6 z2 _ L 6 72
“rere\1tsrz) T B0 {1+ 55

u, N R 3

B, = >

d’z _ 0B, mjcos?0, 12 B,(0) z
Maez= "9z T 2B,0) 5 =R
d?z 5
P= — WhZ.

6 Vv
Bounce frequency wp = \/; ?0 COS 90

At the maximum axial displacement z = za.
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1 1
EmV(Z)SinZBO / B;(0) = Emv(z) / Bz (2z4)

Zy = \/5/6RCOt90.
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Lecture 25

Problem 1: A plasma cylinder of radius a, having axis along 2, has equilibrium current density

f = 2J, (1 — r%/a*). Deduce the magnetic field and plasma pressure profiles.

Solution :

In equilibrium

Problem 2: A magnetic cusp comprises two closely spaced parallel field coils (with axes || 2)
carrying currents in opposite directions. Consequently the axial magnetic field on the left (z < 0) is
opposite to the field on the right (z > 0). In the cusp region axial field changes rapidly from —ve to
+ve value, hence a strong radial field B, exists there. The vector potential for such a system has

finite ¢ component A, (r, z). Show that for an electron approaching the cusp from left, r(py + eAy)

VxB= ],
10
- E(TBQ)) = py Jo (1= 12/a?).
By = #OTJO r(1— r?/2a?).

is a constant of motion, where p, is the ¢ component of momentum.
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Solution:

el
Il
<
X
N

Azimuthal equation of motion is

1d . e ., o
;a('fz@): —n—1(VXB)¢

e ( BAQ) v, 0(rAg)
z 0z r or

e d(?"A@)
mr dt

Thus gives r (py - € Ag) = constant.

38



Lecture 28/29

Problem 1: An electromagnetic wave of frequency o propagates along the direction of static
magnetic field B,z in a collision less plasma of op = /2, ¢ = 20/3. Atz =0, E(0,t) =

AR+ 2iP) exp(—iwt).WriteE (z,t).

Solution:

Express E (z,t) as sum of RCP and LCP:

E(z,t)= Ag@® + i9) e i@t=kr2) 4 A (% — i 9) e HwtkL2)
E(o,t) =[(Ag + ADZ + i(Ag — AP le @t = AR+ 2iP)e vt
Equating the X and ¥y terms on both sides,

AR+ AL=A

Ar— AL =2A,

AR = 3A/2, A|_ =-A/2.

2
Further, kp = %(1 — L) = w/2c,

E(zt) = %(f +i§) e iwt-wz/20) _ %(ﬁ — i§) e~iwt—093 wz/c)
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Lecture 29

Problem 2: A RCP pulse of carrier frequency o propagates along static magnetic field B, Z in a

collisionless magnetized plasma with op = 2®, o = 1.10. Atz =0,
E@O¢t) =%+ i9Ae "/ exp(—i wt). Write E (z,t).
Solution:

f(z, t)y=(x+i9y) Ae—(t-2/vg)? /T p-i(wt - krz)

where
1/2
_of1_ @ ' _
kp = - (1 w(w_wc)) =64 w/c,
yo= Bo _ kre* = 0.03 c.

9 kg w+0.5 wi/(w—w,)?

Problem 3: Obtain the heating rate of electrons due to 100 GHz, 1 GW/m? RCP mode in a plasma
when o¢ = 0.90, @p = 0.30, v = 10™“®, where o is the frequency of the mode and op, ®c and v are

the plasma frequency, cyclotron frequency and collision frequency of electrons.

Solution:

RCP Mode: E = A(X + i ) e i@t -kr?)

0(1) !
w w3 1/2
kr=—11- =0.31 —,
c w(w — w.) c
Sov==E"xH= = 10° W/m
2 TN

A=1.1x10°V/m

Electron drift velocity
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eE
mi(w— w,+ V)

V=

Heating rate

e?A%v

ﬁ= Re [—BE*.T/]= m(Ta)c)Z:S X 10_10W=3.1G€V/S.

N R

Problem 4: A RCP whistler of intensity 100 MW/m? and frequency w/2n = 1 GHz propagates
along a static magnetic field B, 2 in a plasma of plasma frequency mp = 10%, electron cyclotron
frequency o. = 10%0 and collision frequency v = 107 w.. Assuming the average energy loss per
collision to ions = 38 (Te — To)/2 with & = 10™ and T, and T, as the temperature of electrons and

ions, estimate Te — To.

Solution:
Whistler, E = AX+1i79) e L@t - kg2) imparts oscillatory velocity to electrons,

eE
mi(w— w,+ V)

V=

and heats them at the time average rate

e?A?%y

m(w— w.)?

H==R,[-eE*"V]=

In the steady state

e?A?vy 3

m(w— w)? 2

6V(Te - TO) )

B 2e%A?
"~ 3mS(w — wp)?’

Te - TO

Whistler intensity
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1 .. A? w
Syp = 3 (E* xH) = ? R.(kp) = 108W

2 1/2
) w5 )
kR5—<1——) ~ 10 —
c w(w — w,) c

A=6x10*V/m, Te—To=10e V.

Problem 5: A linearly polarized electromagnetic wave, of frequency o and amplitude Ao
propagating along Z, is normally incident on a collisionless plasma (z > 0) having dc magnetic
field By Z and op = 20, = 3. Estimate the amplitude and polarization of the wave deep inside the

plasma.

Solution:
Incident wave E = XA, e~ i(wt - wz/€) can pe written as sum of RCP and LCP
E = AR(f + ly) e~ l(wt —wz/c) 4 AL(JAC _ l}A/) e —i(wt— wz/c)

AR = A|_ = Ao/2

The refractive indices of the plasma for RCP and LCP are

/
77R = (1 - w(ww—izawc))l i = 44,
= (1- Mw“’—f’wc))m ~ i16.

Amplitude transmission coefficients for RCP and LCP are
Tr=2/(1+nRr) =0.37,
TL=2/(1+n)=2/(1+0.161).

The LCP field decays in the plasma as exp (-1.6 oz/c). Deep inside the plasma only RCP will

survive and its amplitude would be Tr Ar =0.18 Ay.
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Problem 6:An electromagnetic wave of frequency o is normally incident from vacuum on an

unmagnetized collisionless plasma (z > 0). It suffers 100% reflection with phase change of n/2.
Estimate wp/w. If one applies a static magnetic field B, Z to the plasma, normal to the interface

with o / ©® = 2. how much phase change on reflection would occur for (i) RCP and (ii) LCP ?
Solution:

Amplitude reflection coefficient

1—
RA:—U, 772(1—(0% /a)2)1/2.
1+n

100% reflection occurs when n is imaginary (n = ia). Then Ra = exp (-i9), where ¢ is the phase

1/2
2
change on reflection ¢=2tan‘1 azn/Z:az{w—z—ll ; Op =2 w.
[0}

For RCP and LCP the amplitude reflection coefficients are

1/2
1— 1— g
RR _ 7R RL — i TIRL :( _LJ :\/é’ 1/\/§

LR I+n

Rr is —ve, hence RCP suffers a phase change of I'1. R, is +ve, hence there is no phase change on
reflection for LCP.
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Lecture 30

Problem 1:A 20 GHz microwave propagating through a plasma of @p = 3 x 10 rad/s suffers.
Faraday rotation of 45°, in propagating along dc magnetic field Bs Z, a distance of 1 meter.

Estimate the magnetic field. You may assume a)g <«<a?.

Solution :

1/2
. o[, ep | _of, o
RL™¢ o(oF o) c 20(0F o) |

Faraday rotation

2
O=(k_—kg)z/2=2P 22 __7/4
C 0 —wg
7Z'C(()2 9
4 2
Za)p

Bs=aw,m/e= 2.3x1072 Tesla.

Problem 2: Obtain the time average Pointing’s vector of the x-mode propagating normal to static

magnetic field Bg Z in a collisionless plasma.

Solution : For the X mode

E=A(J+a R)e @k

44



Lecture 31

Problem 1:A whistler wave propagating at angle 6 = 60° to static magnetic field Bs Z has

k=(wp I ¢)(e! m cos H)Y' 2. What angle would the group velocity make with 2 ?

Solution :

The dispersion relation, on writing cos 6 = k; / k, can be written as
kk, c? =w3 -2
W
Taking k = ke X+K; 2, k :(kf +k22)1/2,the components of group velocity are :

oo o kxkzc2
VgX=—=—2—
Ky w2 K

oo o, (k?+k?)c?
Vo= T
ok, wb k

Theangle group velocity Vg makes with Zis

qV _1( sin
eg:tan 129X _tan 1 w
Yz 1+cos” 0

—tan ~1(0.34)=20°.

Problem 2: An electron beam propagates along static magnetic field BgZ in a plasma with
velocity vy =(c/10) Z. Obtain the frequency o (in terms of wp and o) of the low frequency

whistler, propagating at angle 6 to Z, it would excite via Cerenkov resonance.

Solution :

For a low frequency whistler
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2
kk, =w—P(£],kz =k cosé.

C2 ¢

Cerenkov resonance, @ =k, v, gives

2 2 2
Vg @ _2 Q)
0=-92P c0s9=10"2 ZP cos@.

c? W @c
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Lecture 32

Problem 1:An electrostatic lower hybrid wave of frequency o = 10'° rad/s, parallel phase velocity

o/k; = ¢/2 and the component of power flow density along the magnetic field B Zequal to 100

MW/m? propagates in a deuterium plasma of electron density 10%° m™ and B, = 4T. Estimate the

electric field of the wave.

Solution :

op =5 x 10™ rad/s o = 6.4 x 10™ rad/s. m;/ m = 3672". The effective plasma permittivity for the

electrostatic lower hybrid wave is

2 2 2
e=1+ 2P 2P 1+k—22ﬂ ~0
o ke m

oe 2(, op
IE— +— |,
ow a)g
0w _ a)%/a)2 k, ®
ok, 1+wdlol k?

1/2 1/2
k=k (m') w2(1+wg/wcz)_l —52k
z m wlgl Z

® 0€e 2 8 2
S.,,=——¢€p|E =10"W /m
avz =, 5 ol E| Vaz

ng =

6.5x10° o | k2
|E|= (

1/2
~ 4x10°V /m.
2k,

Op
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Lecture 41

Problem 1 :A cold plasma rod (nano tube) of radius r¢, having axis along Z, contains singly
ionized ions of density ny and electrons of same density. The electron cloud is shifted with respect
to the ion cloud by a small distance AX . Obtain the electric field in the overlap region. The electron

cloud is now released. Obtain the frequency of oscillation.
Solution :

The axis of the ion cylinder passes through the origin and electron cylinder through (A, 0, 0).

The electric field at point F=xX+y ¥ in the overlap region, due to the ion cylinder of charge

density p=no e is

— Ny € "
E]_:L AX.
260

The field at r due to the electron cylinder is

—Npe

E, = r—A
2 260( )

The net electric field in the overlap region is

- = — Ny e "
=E1+E2=20?0 AX

m

which is uniform. The equation of motion of an electron (of the overlap region) under this field is

2 2
d°A  eE,  ny,e” 03
= X=_ A=——2 A,
dt? m 2€pm 2

This gives the oscillation frequency o = wp/V2.

48



